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Gal(Q(pp)/Q) ~ A X I with A ~ (Z/pZ)* and I ~ Z,
Qoo = Q(upx)A fixed field is called the cyclotomic Z,-extension of Q
For each n > 0, there is a unique subfield Q, of Qu with Gal(Q,/Q) ~ Z/p"Z

@(P‘px)
/ 1
Qoo :
| ‘
Gal(Qoo /Qn) ) Q(ppn+1) (o
~ p"Zp, - _1 ' ~ Zp
e . Gal(Q(ppo0 )/ Q) =~
@n / : o~ LY ~AXT
Gal(Qoo /Q) =~ Zp < ‘ Q(pp2)
. _ 1
Gal(Qn/Q)
~7/p"Z / Q(mp)

Fix a compatible system of primitive p-power roots of unity ((pn)n>o0, i.e. ann = (pn

E/Q elliptic curve, p > 5 fixed prime number
lwasawa theory: study arithmetic invariants (Selmer group, Tate—Shafarevich group etc.)

attached to E along the cyclotomic Z,-tower
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Recall: T ~ 7Z,

Definition (lwasawa algebra)
AN=NA\T):=Z,[l = I(iLnUZ,,[F/U] as U C T runs over open normal subgroups

By fixing a topological generator v € T, there is a non-canonical isomorphism
ANM)=Zp[T] = Zp[[T]]. y— 1+ T
Fix such a v, and tacitly identify the two rings from now on.
Structure theorem
If M is a finitely generated A = A(I')-module, then there is a homomorphism with finite
kernel and cokernel:
M— N & @, Np™ & @, NFi(T)
with F;j(T) € Z,[T] certain polynomials.

If M is A-torsion:
chara(M) := p=™ -T] F;

Pontryagin dual: MY := Homcs(M, Q,/Z,), compact < discrete
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p-primary Selmer groups over the cyclotomic Z,-extension

Definition (p-primary Selmer group)
For n > 0, define

Selpm(E/Qn) = ker <H1(Qn7 E[poc]) res H E Qn v, OO]) >

Qn v ®QP/ZP

where v ranges over all places of Q.
Here E(Qn,\) ® Qp/Zp — H(Qn,y, E[p™]) via the Kummer map, defined on finite level

ok
as the boundary map coming from 0 — E[p*] — E(Q) £ E(Q) — 0 by taking invariants
Selpe (E/Qo0) = Ii_n;Selpac(E/Q,,)

n

X(E/Qoo) := Selpee (E/Qu0)" is a finitely generated A-module

Control theorem (Mazur 1972)

If E has good ordinary reduction at p, then the natural maps
Selpos (E/Qn) — Selpoo (E Qoo ) &2/ (@e2/Cn)

have finite kernels and cokernels of uniformly bounded orders as n — cc.
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Once and for all fix algebraic closures and an embedding Q < @p
1
Hasse-Weil L-function L(E,s) has p-Euler factor
(E:9) = D~ Bpp )

pBp =P, ap+ Bp=a,=1+4p—|E(F,)|, ptap. Let a, be the p-adic unit of the two.

with

Theorem (Mazur—Swinnerton-Dyer 1974)
There exists L, € N\ such that for any x : Gal(Qn/Q) — ppn of order p":

n L E7 2 1
(L) = gpr) HEX ) o

1(Ly) =(1— ﬁpp71)2% for x = 1 trivial
E

e L(E,x,s) Hasse-Weil L-function twisted by x

e 7(x) = ZUEGaI(Q(;LPn)/Q) x(o)¢on Gaul sum
e Qf € R real period of a minimal model of E

lwasawa main conjecture (Mazur)
ALGEBRAIC SIDE char(X(E/Qx))\ = (Lp) ANALYTIC SIDE

Rubin: IMC holds if E has CM, Kato: one divisibility “2" holds in general
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lwasawa main conjecture (Mazur)
If E/Q has good ordinary reduction at p then char(X(E/Qx))A = (Lp).

Let E/Q have good supersingular reduction at p.

Facts: e Sely(E/Qo) is not A(I")-cotorsion
e the Mazur-Swinnerton-Dyer p-adic L-function is not in A(T) ® Q,
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Analytic side: Pollack’s plus/minus p-adic L-functions L;t

E/Q has good supersingular reduction at p
®;(X) the p'th cyclotomic polynomial, wa(X) := (1 + X)?" — 1 = [I7_, ®i(X)
wi (X) == XT[ 1<i<n @i, 50 X - wn(X) = wy (X) - wy (X)
(-1)i=+1
Theorem (Pollack 2003)
There exist L € A such that for any x : Gal(Q,/Q) — ppn of order p":

nt1 L(E,x"',1)
1) = (-1% T for n odd
x(Lp) =(-1) = o) QF or n o

=il
X(L;) = (*1)%+1 T(X,) LE X", 1) for n > 2 even
X(wn ) Qe
(L) =(p—-1) LE.1) and 1(L,) = 2L(E’ 1) for x = 1 trivial
QE QE

o L(E,x !, s) Hasse-Weil L-function twisted by x*

e 7(x) = Zo’EGaI(@(MPH)/Q) x(o)¢pn GauB sum
e Qf € R real period of a minimal model of E
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Algebraic side: Kobayashi’'s plus/minus Selmer groups

E/Q has good supersingular reduction at p
E"(Qnp) :=={P € E(Qnp): Tro/mi1 P € E(Qm,p) for all 0 < m < n even}
E™(Qnp) :={P € E(Qunp): Trymi1 P € E(Qm,p) for all 0 < m < n odd}

Definition

H* (Qn.p, E[P™]) )

SelZc (E/Qn) := ker <5el ~(E/Qn) — EE(Qn,) ® Qy/Z,

se|poo(E/@oo).: lim Sel . (E/Qy)

n

Theorem (Kobayashi 2003)
Xi(E/QOO) = Selfm(E/(Q)oo)v is a finitely generated torsion A-module.

lwasawa Main Conjecture
char(XE(E/Qu))A = (LE)

Kobayashi: proved one divisibility “2". Pollack—Rubin 2004: equality for CM
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Assume: E/Q has potentially good reduction at p

1 if E has good reduction at p
Semistability defect: e := 12
ged(12, ord,(AE))

Fact (Serre—Tate 1968): e is the minimal degree such that E attains good reduction over

if E has bad reduction at p

a degree e extension of Q" (= maximal unramified extension of Q,)
In particular: e | 12, and in fact, e € {1,2,3,4,6} for p > 5 (assumed throughout)
Lemma (Delbourgo/Volkov 2002)

For e > 2: E has potentially ordinary reduction at p < e | p — 1,
E has potentially supersingular reduction at p < e | p+ 1.

Delbourgo: construction of p-adic L-functions for potentially ordinary elliptic curves, and
Selpoe (E/Qos) is A-cotorsion in this case

Good ordinary reduction is achieved over an abelian extension K/Q, ~> work over
maximal cyclotomic extension

Idea: twist the representation by a finite order character of Gal(/C/Q,) to get rid of bad
reduction
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Delbourgo's strategy for potentially ordinary elliptic curves:

e Good ordinary reduction is achieved over an abelian extension K/Q, ~~ work over
maximal cyclotomic extension

e Twist the representation by a finite order character of Gal(K/Q)) to get rid of bad
reduction

Assume: E/Q has potentially good supersingular reduction at p (= e | p+1)
For simplicity, assume e > 2 (e = 2 slightly more cumbersome)

Good supersingular reduction is attained over Q,(7) where ™ = /—p fixed
Qp(pte, ™) = Qpz2(m) Galois closure, dihedral and tamely ramified over Q,
where Q2 = unique quadratic unramified extension of Q,

~~ Delbourgo's twisting method does not work

Instead: use formal groups a la Kobayashi
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E£(Qp(ppn)) = {P € E(Qu(ipn)) : Trnjmis P € E(Qp(ppm)) for all 0 < m < n even/odd}

[ = } Honda theory explicitly defined
E formal group of E formal group F/Z,

) A
[Ei(@p(upn)) subgroups

in cyclotomic tower

FE(Qp(ppn)) subgroups

in cyclotomic tower
& J

}—,

Let 4(X) € Z,,[[X]] such that £/(0) = 1. If u(X) =3,_, uiX' € Qu[[X]] such that
(ux€)(X) = Z ul(X") = 0 (mod pZ,[[X]]) then ¢ has Honda type v.
i=0

Theorem (Honda 1968)

1. For every 1-dimensional formal group G over Z,, there exists a unique (Eisenstein)

polynomial u such that the logarithm g of G has Honda type u.

2. IfG and G’ are formal groups over Z,, of the same Honda type = isomorphic over Z,.

E has Honda type X2 — apX +p = X?+p,
i . 2i

F has logarithm ZZO(—l)’LI;SX) = 5% (71)’7(”)(2; =

i=0
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E=(Qp(ppr)) = {P € E(Qp(1pn)) : Trp/mi1 P € E(Qp(ppm)) for all 0 < m < n even/odd}

-
[ = j Honda theory explicitly defined
E formal group of E formal group F/Z,

1 \ A
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E£( Q1)) = {P € E(Qp(115)) : Trajmi1 P € E(Qp(ppm)) for all 0 < m < n even/odd}

-
[ = j Honda theory explicitly defined
E formal group of E formal group F/Z,

! p
E*(Qp(ppr)) subgroups : FE(Qp(ppn)) subgroups

in cyclotomic tower in cyclotomic tower
& J

A generators

e i R
universal norms

ct e fi(@p(up"))

Universal norms: e Trace compatibility: Trnf/nf1 et =ct, for (-1)" = +1
o ¢, generates 7 (Qp(ppr)) as a Zp[Gal(Qp(p1p7)/Qp)]-module

. ) 2i
Explicit construction: F has logarithm E?jo(—l)’%(fx) = io(_l)l%
(Cprrr — 1)5 is an wi-compatible system: wy({pn+ss —1) =(pr — 1 and wai =wi0... 0wy

—_———

1

2/ times

s ¢if i= e[+]#({pn+z — 1) for & appropriately chosen
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E£( Q1)) = {P € E(Qp(115)) : Trajmi1 P € E(Qp(ppm)) for all 0 < m < n even/odd}

-
[ = j Honda theory explicitly defined
E formal group of E formal group F/Z,

1 \ A

s 2 s N

Ei(@n(ﬂp”)) subgroups ¢ 5 }-i((@p(ﬂp“)) subgroups
in cyclotomic tower in cyclotomic tower
& J & J
A Agenerators
e N e i R
strong arithmetic < universal norms
properties for E* et € FEQp(ppn))
J &

Universal norms: e Trace compatibility: Trnf/nf1 et =ct, for (-1)" = +1
o ¢, generates 7 (Qp(ppr)) as a Zp[Gal(Qp(p1p7)/Qp)]-module

. ) 2i
Explicit construction: F has logarithm E?jo(—l)’%(fx) = io(_l)l%
(Cprrr — 1)5 is an wi-compatible system: wy({pn+ss —1) =(pr — 1 and wai =wi0... 0wy

—_———

1

2/ times

s ¢if i= e[+]#({pn+z — 1) for & appropriately chosen
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Lemma
There is an exact sequence 0 — E(Qp) = ET(Qp.00) ® E~(Qpoo) = E(Qp.oo) — 0.

T := T,(E) Tate module .
(-, It EX(Qp(ppn)) X H(Qp(ptpn), T) 25, H(Qp (), T) x HH(Qp (i), T) 2 Z

Py : HY(Qo(ppn), T) = Zp[Gal(Qp(p200)/Q), 2 — Z (Cni’avz)n "o

7 €Gal(Qp(pn)/Q)
HY(Qp(pr), T) : annihilator of E*(Qp(ipn)) ® Qp/Zp under the local Tate pairing
HY (Qp(1p0), E[p™]) x HY(Qp(tpn), T) = Qp/Zp

31 ColE

HY Qo (ptpr), T) === > Zp[A]X]/(w7)

l L»ni /X

H Qplppn), T) P&
P D T 2,(Gal( Qo) /0,)

Col™ & Hiy, (Qp(ptpee, T) = lim HY(Qp(ppr), T) — A

The image of Kato's zeta element under Col™ is Pollack's Lf,t

= one divisibility in the supersingular main conjecture




Formal groups in the potentially supersingular setting

What goes wrong for potentially
supersingular reduction?

@pz (Hp”)
sz (CP" )

@pZI(Cp)

ely *
| e
e

@pz = @P(/LE)
2 ‘ unramified

Qo



Formal groups in the potentially supersingular setting

What goes wrong for potentially
supersingular reduction?

1. Honda theory works over unramified
extensions of Q,, but Q,2(7)/Q, is

tamely ramified

sz (N’PQC ) 7T)

/
Q,2(Gpr )
_— |

Qp2(¢p) ard Q2 ()

mely
a\\Y &
| e

Qp2 = Qp(e)

2

@pz (prx )
5 sz (CP" ) 71')

sz (CP" )

unramified

Qp



Formal groups in the potentially supersingular setting

What goes wrong for potentially Qpz (ppoe, )
supersingular reduction? / :

1. Honda theory works over unramified Qp2(ppe) :
extensions of Q,, but Q,2(7)/Q, is : Qpz2(Gpn, )
tamely ramified : / :

2. The uniformisers (,» — 1 live in the @2 () E

: sz(cp’ 7T)

cyclotomic tower over Qp. :
We need an wi-compatible system of : / ‘
uniformisers in the cyclotomic tower Qp2(Go) ay @ Qp2(7)

\
ram
over Qp2(m) | ‘M

Qpz = Qp(e)

unramified

Unramified extensions of Q, were handled by

B.D. Kim (2007) 2
Qp




Demchenko—Honda theory 14/21

Theorem (Demchenko 2002) Qs (u.pocyﬂ)
The main results of Honda theory remain /
. - . . Qp2 (kpe) :
valid over finite extensions K of Q, with ) Q,2(Con, )
: p"s
absolute ramification index < p. : / g
Qp2(Cpn) :
: sz (CPv 7T)
]
Q2 (¢p) o am'd Q2 (m)

\
| e
e

@pz = @P(/LE)
2 ‘ unramified

Qo
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Theorem (Demchenko 2002) Q2 (M.px’ﬂ)
The main results of Honda theory remain /

g o n g . sz (/"LPOO) 5
valid over finite extensions IC of Q, with

B e R : Qp2(Gpr, )

absolute ramification index < p. /
Idea: fixing a uniformiser of Ok gives a Qp2(Cpn) :
power integral basis of Ox = @, Ox/ 7’ : Qp2(¢p, )
over the maximal unramified subextension K’ : / ‘
~ generalisation of Honda type: tuple of Q52 (¢p) y @ Q2 ()

\
. ram
polynomials, one for each component ‘ «M

Q2 = Qp(e)

2 | unramified

Qp
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Theorem (Demchenko 2002) Q2 (M.px’ﬂ)
The main results of Honda theory remain /

. .. . . @p2(ﬂp°°) :
valid over finite extensions IC of Q, with ) Q,2(Con, )

: p"s

absolute ramification index < p. / g
Idea: fixing a uniformiser of Ok gives a Qp2(Cpn) :
power integral basis of Ox = @, Ox/ 7’ : Qp2(¢p, )

/

~+ generalisation of Honda type: tuple of Q52 (¢p) Ly o8 Q2 ()

\
tW
e

Q2 = Qp(pe)
2

Qp

over the maximal unramified subextension K’

polynomials, one for each component

Since e | p+ 1, we have e < p except for
e=6,p=5

unramified




Lifting a system of uniformisers 15/21

Recall: # = ¢/—p Qp2 (ppee, )
[ (Gn, ™) : Qpa(Gor)] = €, _—
e € {e e/2} Qp2 (1p>2) :
: Qp2(Cprta; ™) 5 Tt
For n > 1, there exist / | .
7n € Qp2(¢pn, ™) such that: Gt — 1 € Qpa(Conra) e J, 1
e 7, is a uniformiser Qp2(Cpn, ) > mh
w1
2 =1- Cpn for e even ' :

o Con —1e Qu2(pn) :
=1—(p ? .
o Tl Cp : Qp2(¢p; ™) 3 m

° Q1(71'n+1) = Tn / ‘

where Q1(X) = ¢ wl(_Xel) Gp—1le€ sz(ci’) \ ram 8 @pz(ﬂ')
formal power series lifting w1 ‘ xo‘a“\’y
e
Define explicit formal group Qp2 = Qp((pe)
with Q4 playing réle of wy 2 | unramified

Qo



Potentially supersingular local theory 16/21

E/Q potentially supersingular at p > 5, good over £ := Qp2(7)
Summary: we have the Kobayashi-style results in the potentially supersingular setting
Lo cyclotomic Zp-extension of £
For all n >0, E*(L,) is generated by Galois conjugates of c;* up to Q,/Z,:
E*(Ln) ® Qo/Zp = L2 [Gal(Ln/Qp2))(c7") © Qp/Zp

Col® : Hiy(Qp2.00, Zp2 (X;chc)) — Zp2[] =: A% surjective Coleman maps,
where xg : G@pz — Z:z Lubin—Tate character, xcyc cyclotomic character
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E/Q elliptic curve, p > 7 potentially good supersingular, e
e semistability defect, good reduction over L = Q(fte, 7), >

T =~/—P /

K imaginary quadratic field contained in Q(fe, ), so Q-

K € {Q(v/~1),Q(v/=3)} Ze

(assumed for simplicity, could be relaxed. ..) L

Suppose E has complex multiplication by an order in O, Zp /
and p is inert in K K

Then: L(Eiwor)/K is abelian /

Q

Koo = KQo cyclotomic Z,-extension of K
Definition
Hi(Koo,p, E[P™]) := E¥(Koo,p) ® Qp/Zp C H' (Koo, E[p™])

H (Ko, E[p“]))

+ = ker ( Selpoo oo
Self (E/Kso) =k (s lpoe (E/Koo) — H(Kw, E[p™])

XE(E/Kss) i= Seli (E/Kso)”
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= Q@F CrCU = |i<_mlE Ur, with K C F C K(E[p*™]), Cr: closure of elliptic units,
Ur: pro-p part of (O ® Z)*, ® : Gk — O,ﬁp character of action on T,(E)

Cir, = C @0, Hom(E[p™], K,/ Ok,) @n(cal(k(elpo<)/ k) MGal(Koo /K))

Theorem (Wiles, Coates—Wiles, Rubin)
Ci is a free N°% (Ks)-module of rank one. It has a generator & such that for all
K C F C Kx, x € E(Fp) and x : Gal(F/K) — ppee character:

Y Mo ep e =p RO ST i),

ocGal(F/K) oeGal(F/K)
(,-) Kummer pairing, ¢ Hecke character of K, Qg real Néron period of E, A\g logarithm
CoIi Ok
—— N7HKp

L,j,E(E, Ks) := image of & under Cféoc — Z/{;?OO ~ HﬂN(sz’omsz(X;chc))

Interpolation formula
L?,E(E7 Koo) differs from an element h* € A satisfying the following by a unit in A%e:
for every n > 0 and every character x : Gal(Loo/K) — ppn of order p”:
L ,1 wi (X
Mo D) a0 = (220
where (—1)" = £1, and 7,41 is the GauR sum
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Potentially supersingular CM Ilwasawa main conjecture 19/21

Putting everthing together and using Pollack—Rubin’s methods:

Theorem (F-Lei)

X*(E/Kx) is a torsion A°% -module, and char(X®(E /K ))AF = (LE(E, Kx)).
Zp[Gal(Koo/ K)] = Z,[Gal(Qu /Q)], Ly (E, Koo) = Ly (E, Qoo)

Corollary
X*(E/Qso) is a torsion A-module, and char(XE(E/Qu))A°F = (LE(E, Qo).
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Growth of Tate—Shafarevich groups

Recall: X*(E/K) is a finitely generated torsion A-module.

Structure theorem: there is a homomorphism with finite kernel and cokernel:
X*(E/Koe) — @i_y M p™ & @)y M Fi(T)
with Fj(T) € Z,[T] certain polynomials.
i = p(XE(E/K)) = Smi, A = AXE(E/K)) i= Y deg By
Theorem (F-Lei)

Assume that III(E/K,)[p™] is finite with cardinality p*" for all n > 0.
Let 2ro« = lim rank E(K,). For n>> 0, we have
n— oo

2(degw, — 1+ A" —reo +(p")u") if n is even,

€n — €p—1 =
2(degw, — 1+ X" — reo +(p")p™) ifnis odd.

Corollary
The same formula holds for growth of III(E /Q,)[p®°] when n >> 0, assuming finiteness.

This confirms a conjecture of Lei—Pollack—Pratap based on numerical data.



Further generalisations? 21/21

E/Q Main good [ potentially good [ potentially
Conjectures ordinary supersingular
p inert — — = Pollack—Rubin = F—Lei
CM
p ramified — — D Kobayashi
. . Delbourgo
p split = Rubin = Miiller — —
D Kato conjecture by .
M = DK h
e € C Skinner-Urban Delbourgo A DR




