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Where were we?

H/F abelian extension of number fields, H CM, F totally real,
Gal(H/F) = G ~ G, x G’

Y ={veSam:v|pluSy
Y i={veSam:viptuT

Hwenguz; Z — Homz (Hzxu Z) Selg(H) := cokernel
(xw) = 25 Xw ordw (=)

O finite extension of Z,
VY C G subset of characters

O[G] — Hwe\u Oy Ry := image ‘character group ring'
X = (w<x))1be\ll

X € G v, ={ye G: 1|g = x} ‘characters belonging to X' R := R, := Ry

Theorem 3.3 (Goal)

The Z,[G]~-module Selg (H),

Fittz, (] (se|§(H);) = of,.2,[6]

is quadratically presented, and

X



Part |

Reduction steps



Removing primes above p from ¥’

Y :={veESam:Vv|puSy
Y i={veSam:vipluT
Y'i=% —{veT:v|p}

Lemma 4.1 (Removing primes above p from ¥')

Self (H)g ~ Self (H)g and ©F . R = 0% 1, R

0 — SelX’ (H)g — SelX (H)g — ( IT 11 (oH/W)X) -0

VET' =T/ wlv R
(Proof on the next slide.)

Last term: w [ v [ p = p{ #(On/w)”

= killed by (— ® R) because R is a Z,-algebra

= Self (H)g ~ SelZ (H)g



Y ={veESum:Vv|ptuSs Y=Y —-{veT:v|p}

Y i={veSam:vipluT

The exact sequence from the previous slide

0 — SelX’ (H)g — SelX (H)g — ( IT 11 (oH/W)X) -0

veX’'—¥" wlv R




ofsy =0f; [] (1—aNv)

vey’'—x"

Proof: apply ¥ € G and use defining property of ©.

v (0f5) = Lrx(0,6) = Lx(0,9) [ | (1 - w(vNv'~)

vey’
=Lx(0,9) [ [ @=9(vNv) [] (1—¢(v)Nv)
” ’ y ————
VEX g . vEY'—% w(l_ava)
L):,):"(va)zw(eéz,,)
1 — o Nv has unit image in R:
ord(o,)—1
(1—ouNv) > ol(Nv) =1—g@d@). (Ny)erdl)
i=0 — :
1 in max ideal of O,

=0l R=0¢:R



Lemma (Burns—Kurihara-Sano)
Let S’ 2 ¥ disjoint from ¥’ such that CIE:(H) = 1. Then we have
0— [][ Z—Homg (o;,ys,,z,,z) — SelZ (H) — 0

weS), —X
0 0 0
4 4 4
0o— ] z— J] 2—— ][] z——0
w¢S[ ux], wETX U], weS[,uX y

I ! +

0— [] 2z — Homs (Hg,Z) — Homs (0} 5 5, Z) — 0

w¢S[ ux], l
| |

0 SelX' (H) —— SelZ (H) ——— 0

Third row: Z-dual of 0 — O} 5, 5, — Hyy €% @05, 5 Z — ClE (H) — 0
Vertical arrows: (xy)w — (— — >, ordy (—)xw)



Making x faithful, step 1
Recall: G = Gal(H/F)=G' x G, x¢€ G, H, := fixed field of Kerx € G' < G
Lemma 4.2 (Replacing H by H, )

Selg(H)R = Selg(Hx)R canonical isomorphism.

Previous lemma: 0 — [[c5; s, Z — Homz (O} 5, 5., Z) — Self (H) — 0
0 0
d l
G/:X 5/
YH,S/—Z ® R — Homp <(OI>-<I,5’7):’ ® O) ,O> — Selz (H)R — 0

|

G'= ,
0 — Y s ®R — Homo <(0§X75,,z, ®0) " o) s SelE (Hy)g — 0

l ! %

0 0




Making v faithful, step 2 Z(x) :={v|p: v ramifiesin Hy} U S, = X
Y (x):={vip:vramifiesin H,} u T ¥

Lemma 4.3 (Replacing X, X’ by the corresponding sets for H,)

Suppose Selg((xx))(HX)R quadratically presented. Then so is SeIg(HX)R.

Fitt (Se|§'(HX)R> — Fitt (SeIZ(X (HX)R) [T a-o) J] @-ov

vEX—X(Xx) veX'—Y'(x)
Fitt = [ [,es 57y (1 — 0vNV)
0 0 Hvez/fz’(x) HW\V(OH/W)E’V Ker

G/:X ’
0 — Yy, s--s ® R —> Homo ((Of,x’s,yz,@)(’)) ,O) — SelE (Hy)r — 0
x 6'=x = (x)
0-~> YHX75’—2(X) ® R -+ Homop ((OHXYSIII(X) ®O) ,O) - Selz( ) (Hx)R -+ 0

! ! |

- YHX»):*Z(X) ®R 0 0 0
Fitt = Hvefff(x)(l —ov)




Compute the Fitting ideal of [ [,c5/_5/(,) HW‘V(OH/W);;’V locally.
@ w, := the place of H, below w
e G, := Gal(Hy/F)
o Gyw, ~ Gal (On/w)/ (On, /wy)) = {o,) because w, unramified

o ¢ := generator of (OHX/WX)X; o, (&) =&V

We have a presentation

Zp|Gxwy ] — Zp[Gywy ] — (OHX/WX)X ® Zp

l———— 1—0,'Nv —— £ — o 1(ENY)

1 &
Exactness at Z,[Gy,w, |: v
# Coker = [] (1— (o, 'Nv)) = [] (1 - g;;GXNv) — NV#Ox 1 = #(Op, /wy)*
PEGy i=0

= FittZ,,[GX] ((OHX/WX)X’V) = (1—-o0o,Nv) (]



Removing characters with trivial zeros
Recall: W < G subset of characters
O[G] = [ [ew Oy Ry = image
x = (X)) gew

YeG V= {ye G:le = X} characters belonging to x R := R, := Ry

X
Trivial zero

If for ¢ € W, there is v € ¥ with ¢)(v) = 1 then (1 —¢(v)Nv %) =1—-1=0.
Hence Ly 5/(,0) = 0, so @#’z, is a zero-divisor in R.

Vo= {ype G e =x,VveX:(v) # 1} characters without trivial zeros
V= {ye G: Yl =x,IveT:y(v) =1} characters with a trivial zero
Lemma 7.1 (Removing characters with trivial zeros)

If Fittg, (5e|§(H) ® Rw> c ©f ;. Ry then Fittg, (5e|§’(H) ® RX) c Of R,



~ Lemma 3.2

For 1) € V', i.e. when v(v) = 1 for some v € ¥, then Fittp SelZ (H = 0.
) X P

Suffices to show: Selg(H)d, is infinite (finitely generated over O, and Fitt < Ann)
XH’): — YH,Z — 7 K := Frac Ow

Lemma (Burns—Kurihara—Sano)

0 — CIE'(H)" — SelX (H) — Homy (o;xz,,z) -0

Proof: similar to previous one.

Se|§/(H)¢ ®o, K ~ Homy <OI>-<I,Z,):" K>¢ Lemma

~ Homz, (Xu 5, K)w Dirichlet unit theorem
~ Homy (X z ®2 K) . K)
Suffices to show: (Xy y ®z K)w #0
X ®2 K)" ~ (Yur®2K)" 2 (Y (v} @z K)w = (|ndgv K)w ~K#0
Z@zK=K=K'®@®,., 0
(Indg, K, K(¥))6 = (K,Res¢, K(1))q, = (K. K)g, =1

]



Vo= {ype G e =x,VveX:p(v) # 1} characters without trivial zeros
Vo= {z/; €G: Vg =x,Ive XL ¢Y(v) = 1} characters with a trivial zero

Lemma 7.1 (Removing characters with trivial zeros)

If Fittg, (se|§(H) ® Rw> c O 1Ry then Fittg, (se|§'(H) ® RX) c 0f 5 R,.

=(t1,02)

Ry x Ry —— [Typew Op X [ [rew Ow

Later: Selg(H)R quadratically presented = Fittg (Selg(H)R) =(x)<R
Fittg, (Selg(H) ® Rw) =ux)=ukx)=y-u (@éz,), y € Ry
Lemma 3.2 = 15(x) Ry = Fittg,, (Selg(H) ® Rw/> —0

L2 (@gz,) = 0 by definition

Let 7 € R be a lift of y. Then 112 (x — 98¢ 5,) =0



Summary: reduction steps

Lemma 4.1 We can remove (non-ramifying) primes above p from ¥’

Lemmata 4.2 & 4.3 We may assume x € G’ to be faithful.
Lemma 7.1 We may disregard characters with trivial zeros.
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The Ritter—Weiss module



Properties of the Ritter—Weiss module

We will construct a Z[G]-module Vg with the following properties:
(P1) 0 — CIE (H) — VE — Xyx — 0 where Xy = Ker(Yyy —5 7)
(P2) 0 — CI%I(H)‘ — Vg’_ — Xy 5 — 0 has extension class in

Exthq)- (X,;’z, C|§'(H)—) given by CFT (more on this later)

A tr ’
(P3) (V§ ) ~ SelZ (H), as Z,[G]-modules where tr is Jannsen’s transpose
P

(P4) (V%I) is quadratically presented as a Z,[G]-module
P



Jannsen’s transpose

M a Z[G]-module

M* := Homgc1(M, Z[G]) with contragredient Z[G]-action: (r - ¢)(x) := o(r#x)
Py — P1 — M projective presentation = P§, P;* are projective

P — Py — M", well-defined up to homotopy

W# = {1 he W), R¥ = Rys

Lemma 6.1

If M is a quadratically presented R-module, then M' is a quadratically presented
R#-module, and Fittgs (M) = Fittp(M)#

(aij)

Po P M

@)

P 10 P —— M



Application

A\ tr ,
(P3) (V% )p ~ SelZ (H), as Z,[G]-modules

(P4) (Vg) is quadratically presented as a Z,[G]-module
p

Lemma 6.1 Fittgs (M) = Fittg(M)#

Corollary 6.2

Selg(H)R is quadratically presented as an R-module, and

Fittg (se|§’(H)R) — Fittps (v%’(H)R#)#



Construction of VZ step 1

Choose S’ auxiliary set: finite set of primes of F such that:
=D x SnY =g Cl% (H) =1 Unes, Gw = G
For all v, fix w | v. We have V,,, W,, Z[G]-modules such that
Yw:0— H} -V, > AG, -0
Vw finite: 0 - O, - V,, - W,, >0

vgS' uY' | veS - | veX | vel
places
J ox ox Hx U
Ll [ L]
%4 ox Vi Vi Uw
| | |
w W, AG,

Formally: J := H Oy 1_[ Hy H Uy where nM Hlndgw M,,

vgEruy/ VEL vex’



. I
Construction of VZ', step 2
Global CFT: H?(G, Cy) is cyclic where Cyy := AJ;/H idele class group

H?(G, Cy) = Extjg)(Z, Cv) == Ext'(AG, Cy)
generator [Ch — O — AG]

0O—J—V—>W-—20

lﬁj lﬁ lﬁw

0 —-Cy — 9O —AG—0

0—J —V—-W —0

b o [ow

0 —Cqy— 9O —AGC—0

vgS ur' |veS | vel Verify surjectivity of ¥:
f OH”X” Hf T Cokerdy = CI% =1
% ox Vi, U, G:={geG:g—1elmIy},
| | sGurjzechi\‘;ZSl G, SGSG=
w’ AG,

Snake lemma: 0-0ksy =V > W — CIE'(H) >0



Construction of VZ, step 3

0 w, ™ 716,12 W 0
0 AG, Z[G,] —=2- 7Z 0

=[[zle1 [] zla]
VEX veS'—%
5
0 w B Yoz 0 PYw: as before, surjective
lﬂw J{ﬁs lﬂy dgridon X, (o0, —1)on &' — X

Jy: augmentation on ¥

0 AG Z[G] Z 0

Snake lemma: 0> W% - BY - Xuyx — 0



Construction of VI : definition and (P1)

0—Ofgy — V' - W' - CF(H) >0
0—-> W’ B - Xyy -0

Definition (Ritter—Weiss module)
VE := Coker (V! - W’ — BY)
We immediately get:
0-0ss =V =B’ - VE -0

0— CIE(H) > VE = Xyz — 0



Projectivity of V'V and property (P4)

Lemma A.4 (Projectivity)
V,g = VY ®z[6] R is projective.
0>V >V->9D-0
9 is cohomologically trivial. Hence V c.t. < V7 c.t.
V= 1_[ Ox H V., 1_[ Un will show: every factor is c.t.
vgS uY! ves’ vey’
Indgw Ox: higher unit filtration, HI(G, Ul /Ui1) = 0 using w unramified
Indgw V,,: c.t. shown in Ritter-Weiss, nothing changes

Indgw U,: Want to show U, is G,-c.t. As for Indgw Ox: ij is Gy /ln-c.t.
Inf-Res argument: suffices to show that U, is I,-c.t.
3U,, < U, c.t. open subgroup.
(Uy : U),) is a power of the residue characteristic # p by Lemma 4.1
= (Uy : U,) e R* = (Upy)r ~ (U,)r
V¥ is Z-torsion free: O} s v, B” areand 0 - O}y 5 5, — VY - B - VE -0

Nakayama: fin. generated Z-torsion free G-module is c.t. iff Z[G]-projective O



Lemma A.4 (Quadratic presentation)
VY — BY — VE (H)g is a quadratic presentation.

Recall: 0 B” — B:=[]2z[6] *5 Z[G] -0

veS’
Suffices to show: Vi): Z[G] — Q-
dimg VY := dimg V* ®z6) Q(x) = dimg B}
Q(x) is flat over Z[G]
0— CIE(H) > VE — Xysx — 0
Dirichlet ,. x
= dimg (Vz) = dimg (Xu,5), e dimg <OH,Z,Z’)X
0> 05y — V' > B> VE -0

= dimg AR dimg BY



Property (P3)
Lemma A.8 (P3)
VE (H)f ~ Sels (H)r
F := Homz(—,Z) = Homyei(—, Z[G]) =: (—)*: Z[G]-Mod — Z[G]-Mod
o (m = S wlgmlg ™)
0 W? - B? 5 Xys —0  ~ndinnns F(B?) — F(W?)
0 Ofigy = V2> W! S CE(H) -0 ~F F(W?) — F(V?)

F(BY) ————— F(V?) — (VE)"
~y s
Fw?)

HVES’

Lo Wy =5 DG, ~Es Yy sy > W — (W)?

~Fos F(W)?) > F(W?) — F(Yus-x)



Cy — O — AG F(W)?) — F (V) —> F (0}
0 0 0 Ker
0 —— F(W)") — F(V!) — F(Of55) — 0

H l

0 —— F(W) —— F(v!) —— (VE

| L

e f(YH,S/_):) 0

Recall. 0~ [ Z - Homs (0} s 5:2) — Sel (H) =0
VESL*ZH



Property (P2): extension class via CFT
recyy i M= CIE (H)~ => Gal(L/H) Artin reciprocity
Lemma 6.6: for any Z[G]~-module N, res r o HY(Gr, N) = H'(Gp, N)©

@ : Gy — Gal(L/H) 4, i, M w € Homes (G, M) = HY (G, M)
Lemma 6.6 = 3\ € HY(Gg, M) : res (\) = @

HY(G,, M)%rv <y HY(Ge, M) —2% HY(GE.,, M)

SIRW A 0

)‘|GH,V = )‘|GF,VﬁGH = leH,w =0

Ext;[c]_( e ) P Exthiq)- ((mdgvz),/\o

vVEL

~ @D EXt%[%][Gv] (Z[3]. M)

VEL

~ P HY(G,, M) 5 (M )ves

VEL



We make the isomorphism Ext%[G]_ <X,,;’27 /\/I) ~ @,y HY(Gy, M) explicit:

0 —— M=CE(H)  —— V5~ ——— Xy —— 0

x — Y (w—w)

WG —>M [v] € HY(G,, M) independent of the choice of x
g gx—x

Lemma 6.7/A.9 (P2)
(A)ves = (W)vex
Suffices to show: 3x : A\, =7,
We may assume 3v/ € S’ : 0, = ¢ = complex conjugation
Then by definition, ¥g at v/ is multiplication by (¢ — 1).
%€ B%” c g Z[G]: 5% at v, 1 at v/, O elsewhere
VgeG,:v(g)=(g—-1)kx = (l_c)zﬁ at v, ngl at v/, 0 elsewhere

Compute its image under the snake map W? — M, described explicitly by
Ritter—Weiss.



Thank you for your attention!
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