
Some reduction steps and the Ritter–Weiss module
Talk 5

Bence Forrás

Universität Duisburg-Essen

1 December 2020



Where were we?
H{F abelian extension of number fields, H CM, F totally real,
GalpH{F q “ G » Gp ˆ G 1

Σ :“ tv P Sram : v | pu Y S8
Σ1 :“ tv P Sram : v - pu Y T

ś

wRΣHYΣ1H
ZÑ HomZ

`

HˆΣ1 ,Z
˘

SelΣ
1

Σ pHq :“ cokernel

pxw q ÞÑ
ř

w xw ordw p´q

O finite extension of Zp

Ψ Ď pG subset of characters

OrG s Ñ
ś

ψPΨ Oψ RΨ :“ image ‘character group ring’

x ÞÑ pψpxqqψPΨ

χ P xG 1 Ψχ :“ tψ P pG : ψ|G 1 “ χu ‘characters belonging to χ’ R :“ Rχ :“ RΨχ

Theorem 3.3 (Goal)

The ZprG s
´-module SelΣ

1

Σ pHq
´
p is quadratically presented, and

FittZprGs´

´

SelΣ
1

Σ pHq
´
p

¯

“ Θ#
Σ,Σ1ZprG s

´



Part I

Reduction steps



Removing primes above p from Σ1

Σ :“ tv P Sram : v | pu Y S8
Σ1 :“ tv P Sram : v - pu Y T
Σ2 :“ Σ1 ´ tv P T : v | pu

Lemma 4.1 (Removing primes above p from Σ1)

SelΣ
1

Σ pHqR » SelΣ
2

Σ pHqR and Θ#
Σ,Σ1R “ Θ#

Σ,Σ2R

0 Ñ SelΣ
2

Σ pHqR Ñ SelΣ
1

Σ pHqR Ñ

¨

˝

ź

vPΣ1´Σ2

ź

w |v

pOH{wq
ˆ

˛

‚

_

R

Ñ 0

(Proof on the next slide.)

Last term: w | v | p ñ p - #pOH{wq
ˆ

ñ killed by p´ b Rq because R is a Zp-algebra

ñ SelΣ
1

Σ pHqR » SelΣ
2

Σ pHqR



Σ :“ tv P Sram : v | pu Y S8 Σ2 :“ Σ1 ´ tv P T : v | pu
Σ1 :“ tv P Sram : v - pu Y T

The exact sequence from the previous slide

0 Ñ SelΣ
2

Σ pHqR Ñ SelΣ
1

Σ pHqR Ñ

¨

˝

ź

vPΣ1´Σ2

ź

w |v

pOH{wq
ˆ

˛

‚

_

R

Ñ 0

0 0 0

0 Y´H,Σ SelΣ
2

Σ pHq
´ ClΣ

2

pHq_,´ 0

0 Y´H,Σ SelΣ
1

Σ pHq
´ ClΣ

1

pHq_,´ 0

0
´

ś

pOH{wq
ˆ
¯_,´ ´

ś

pOH{wq
ˆ
¯_,´

0



Θ#
Σ,Σ1 “ Θ#

Σ,Σ2

ź

vPΣ1´Σ2

p1´ σvNvq

Proof: apply ψ P pG and use defining property of Θ.

ψ
´

Θ#
Σ,Σ1

¯

“ LΣ,Σ1p0, ψq “ LΣp0, ψq
ź

vPΣ1

`

1´ ψpvqNv1´0
˘

“ LΣp0, ψq
ź

vPΣ2

p1´ ψpvqNvq

loooooooooooooooomoooooooooooooooon

LΣ,Σ2 p0,ψq“ψ
´

Θ#

Σ,Σ2

¯

ź

vPΣ1´Σ2

p1´ ψpvqNvq
looooooomooooooon

ψp1´σvNvq

1´ σvNv has unit image in R:

p1´ σvNvq

ordpσv q´1
ÿ

i“0

σi
v pNvqi “ 1´ σordpσv q

v
loomoon

1

¨ pNvqordpσv q
looooomooooon

in max ideal of Oχ

ñ Θ#
Σ,Σ1R “ Θ#

Σ,Σ2R



Lemma (Burns–Kurihara–Sano)

Let S 1 Ě Σ disjoint from Σ1 such that ClΣ
1

S 1 pHq “ 1. Then we have

0 Ñ
ź

wPS 1H´ΣH

ZÑ HomZ

´

OˆH,S 1,Σ1 ,Z
¯

Ñ SelΣ
1

Σ pHq Ñ 0

0 0 0

0
ź

wRS 1HYΣ1H

Z
ź

wRΣHYΣ1H

Z
ź

wPS 1HYΣH

Z 0

0
ź

wRS 1HYΣ1H

Z HomZ
`

HˆΣ1 ,Z
˘

HomZ

´

OˆH,S 1,Σ1 ,Z
¯

0

0 SelΣ
1

Σ pHq SelΣ
1

Σ pHq 0

Third row: Z-dual of 0 Ñ OˆH,S 1,Σ1 Ñ HˆΣ1
‘ ordw
ÝÝÝÝÑ

À

wPS 1HYΣ1H
ZÑ ClΣ

1

S 1 pHq Ñ 0

Vertical arrows: pxw qw ÞÑ p´ ÞÑ
ř

w ordw p´qxw q



Making χ faithful, step 1
Recall: G “ GalpH{F q “ G 1 ˆ Gp χ P xG 1, Hχ :“ fixed field of Kerχ Ď G 1 Ď G

Lemma 4.2 (Replacing H by Hχ)

SelΣ
1

Σ pHqR – SelΣ
1

Σ pHχqR canonical isomorphism.

Previous lemma: 0 Ñ
ś

wPS 1H´ΣH
ZÑ HomZ

´

OˆH,S 1,Σ1 ,Z
¯

Ñ SelΣ
1

Σ pHq Ñ 0

0 0

YH,S 1´Σ b R HomO

ˆ

´

OˆH,S 1,Σ1 bO
¯G 1“χ

,O
˙

SelΣ
1

Σ pHqR 0

0 YHχ,S 1´Σ b R HomO

ˆ

´

OˆHχ,S 1,Σ1 bO
¯G 1“χ

,O
˙

SelΣ
1

Σ pHχqR 0

0 0 0 0

–



Making χ faithful, step 2 Σpχq :“ tv | p : v ramifies in Hχu Y S8 Ď Σ

Σ1pχq :“ tv - p : v ramifies in Hχu Y T Ď Σ1

Lemma 4.3 (Replacing Σ, Σ1 by the corresponding sets for Hχ)

Suppose Sel
Σ1pχq
Σpχq pHχqR quadratically presented. Then so is SelΣ

1

Σ pHχqR .

Fitt
´

SelΣ
1

Σ pHχqR

¯

“ Fitt
´

Sel
Σ1pχq
Σpχq pHχqR

¯

ź

vPΣ´Σpχq

p1´ σv q
ź

vPΣ1´Σ1pχq

p1´ σvNvq

0 0
ś

vPΣ1´Σ1pχq

ś

w |v pOH{wq
ˆ,_
R Ker

0 YHχ,S1´Σ b R HomO

ˆ

´

OˆHχ,S1,Σ1 bO
¯G 1“χ

,O
˙

SelΣ
1

Σ pHχqR 0

0 YHχ,S1´Σpχq b R HomO

ˆ

´

OˆHχ,S1,Σ1pχq bO
¯G 1“χ

,O
˙

SelΣ
1pχq

Σpχq pHχqR 0

YHχ,Σ´Σpχq b R 0 0 0

Fitt “
ś

vPΣ1´Σ1pχqp1´ σvNvq

Fitt “
ś

vPΣ´Σpχqp1´ σv q



Compute the Fitting ideal of
ś

vPΣ1´Σ1pχq

ś

w |v pOH{wq
ˆ,_
R locally.

wχ :“ the place of Hχ below w

Gχ :“ GalpHχ{F q

Gχ,wχ » Gal
`

pOH{wq {
`

OHχ{wχ
˘˘

“ xσv y because wχ unramified

ξ :“ generator of
`

OHχ{wχ
˘ˆ

; σv pξq “ ξNv

We have a presentation

ZprGχ,wχs ZprGχ,wχs
`

OHχ{wχ
˘ˆ
b Zp

1 1´ σ´1
v Nv ξ ´ σ´1

v pξNv q

1 ξ

Exactness at ZprGχ,wχs:

# Coker “
ź

ψPGχ

`

1´ ψpσ´1
v Nvq

˘

“

#Gχ
ź

i“0

´

1´ ζ i#GχNv
¯

“ Nv#Gχ´1 “ #pOHχ{wχq
ˆ

ñ FittZprGχs

´

`

OHχ{wχ
˘ˆ,_

¯

“ p1´ σvNvq



Removing characters with trivial zeros

Recall: Ψ Ď pG subset of characters

OrG s Ñ
ś

ψPΨ Oψ RΨ :“ image

x ÞÑ pψpxqqψPΨ

χ P xG 1 Ψχ :“
 

ψ P pG : ψ|G 1 “ χ
(

characters belonging to χ R :“ Rχ :“ RΨχ

Trivial zero

If for ψ P Ψχ, there is v P Σ with ψpvq “ 1 then p1´ ψpvqNv´0q “ 1´ 1 “ 0.

Hence LΣ,Σ1pψ, 0q “ 0, so Θ#
Σ,Σ1 is a zero-divisor in R.

Ψ :“
 

ψ P pG : ψ|G 1 “ χ,@v P Σ : ψpvq ‰ 1
(

characters without trivial zeros

Ψ1 :“
 

ψ P pG : ψ|G 1 “ χ, Dv P Σ : ψpvq “ 1
(

characters with a trivial zero

Lemma 7.1 (Removing characters with trivial zeros)

If FittRΨ

´

SelΣ
1

Σ pHq b RΨ

¯

Ď Θ#
Σ,Σ1RΨ then FittRχ

´

SelΣ
1

Σ pHq b Rχ

¯

Ď Θ#
Σ,Σ1Rχ.



« Lemma 3.2

For ψ P Ψ1, i.e. when ψpvq “ 1 for some v P Σ, then FittOψ

´

SelΣ
1

Σ pHqψ

¯

“ 0.

Suffices to show: SelΣ
1

Σ pHqψ is infinite (finitely generated over Oψ and Fitt Ď Ann)

XH,Σ ãÑ YH,Σ � Z K :“ FracOψ

Lemma (Burns–Kurihara–Sano)

0 Ñ ClΣ
1

Σ pHq
_ Ñ SelΣ

1

Σ pHq Ñ HomZ

´

OˆH,Σ,Σ1 ,Z
¯

Ñ 0

Proof: similar to previous one.

SelΣ
1

Σ pHqψ bOψ K » HomZ

´

OˆH,Σ,Σ1 ,K
¯

ψ
Lemma

» HomZ pXH,Σ,K qψ Dirichlet unit theorem

» HomK

´

pXH,Σ bZ K qψ ,K
¯

Suffices to show: pXH,Σ bZ K qψ ‰ 0

pXH,Σ bZ K qψ » pYH,Σ bZ K qψ Ě
`

YH,tvu bZ K
˘ψ
“

´

IndG
Gv

K
¯ψ

» K ‰ 0

ZbZ K “ K “ K1 ‘
À

ψ‰1 0

xIndG
Gv

K ,K pψqyG “ xK ,ResGGv
K pψqyGv “ xK ,KyGv “ 1



Ψ :“
 

ψ P pG : ψ|G 1 “ χ,@v P Σ : ψpvq ‰ 1
(

characters without trivial zeros

Ψ1 :“
 

ψ P pG : ψ|G 1 “ χ, Dv P Σ : ψpvq “ 1
(

characters with a trivial zero

Lemma 7.1 (Removing characters with trivial zeros)

If FittRΨ

´

SelΣ
1

Σ pHq b RΨ

¯

Ď Θ#
Σ,Σ1RΨ then FittRχ

´

SelΣ
1

Σ pHq b Rχ

¯

Ď Θ#
Σ,Σ1Rχ.

R “ RΨχ

ś

ψPΨχ
Oψ

OrG s

RΨ ˆ RΨ1
ś

ψPΨ Oψ ˆ
ś

ψ1PΨ1 Oψ1

ι“pι1,ι2q

Later: SelΣ
1

Σ pHqR quadratically presented ñ FittR

´

SelΣ
1

Σ pHqR

¯

“ pxq Ď R

FittRΨ

´

SelΣ
1

Σ pHq b RΨ

¯

“ ι1pxq ñ ι1pxq “ y ¨ ι1

´

Θ#
Σ,Σ1

¯

, y P RΨ

Lemma 3.2 ñ ι2pxqRΨ1 “ FittRΨ1

´

SelΣ
1

Σ pHq b RΨ1

¯

“ 0

ι2

´

Θ#
Σ,Σ1

¯

“ 0 by definition

Let ỹ P R be a lift of y . Then ι1,2

´

x ´ ỹΘ#
Σ,Σ1

¯

“ 0



Summary: reduction steps

Lemma 4.1 We can remove (non-ramifying) primes above p from Σ1.

Lemmata 4.2 & 4.3 We may assume χ P xG 1 to be faithful.

Lemma 7.1 We may disregard characters with trivial zeros.



Part II

The Ritter–Weiss module



Properties of the Ritter–Weiss module

We will construct a ZrG s-module ∇Σ1

Σ with the following properties:

(P1) 0 Ñ ClΣ
1

Σ pHq Ñ ∇Σ1

Σ Ñ XH,Σ Ñ 0 where XH,Σ “ KerpYH,Σ
aug
ÝÝÑ Zq

(P2) 0 Ñ ClΣ
1

Σ pHq
´ Ñ ∇Σ1,´

Σ Ñ X´H,Σ Ñ 0 has extension class in

Ext1
ZrGs´

´

X´H,Σ,ClΣ
1

Σ pHq
´

¯

given by CFT (more on this later)

(P3)
´

∇Σ1

Σ

¯tr

p
» SelΣ

1

Σ pHqp as ZprG s-modules where tr is Jannsen’s transpose

(P4)
´

∇Σ1

Σ

¯

p
is quadratically presented as a ZprG s-module



Jannsen’s transpose

M a ZrG s-module

M˚ :“ HomZrGspM,ZrG sq with contragredient ZrG s-action: pr ¨ ϕqpxq :“ ϕpr#xq

P0 Ñ P1 � M projective presentation ñ P˚0 , P˚1 are projective

P˚1 Ñ P˚0 � M tr, well-defined up to homotopy

Ψ# :“ tψ´1 : ψ P Ψu, R# :“ RΨ#

Lemma 6.1

If M is a quadratically presented R-module, then M tr is a quadratically presented
R#-module, and FittR#pM trq “ FittRpMq

#

P0 P1 M

P˚1 P˚0 M tr

pai,j q

pa#
j,i q



Application

(P3)
´

∇Σ1

Σ

¯tr

p
» SelΣ

1

Σ pHqp as ZprG s-modules

(P4)
´

∇Σ1

Σ

¯

p
is quadratically presented as a ZprG s-module

Lemma 6.1 FittR#pM trq “ FittRpMq
#

Corollary 6.2

SelΣ
1

Σ pHqR is quadratically presented as an R-module, and

FittR

´

SelΣ
1

Σ pHqR

¯

“ FittR#

´

∇Σ1

Σ pHqR#

¯#



Construction of ∇Σ1

Σ , step 1

Choose S 1 auxiliary set: finite set of primes of F such that:

S 1 Ě Σ S 1 X Σ1 “ H ClΣ
1

S 1 pHq “ 1
Ť

wPS 1H
Gw “ G

For all v , fix w | v . We have Vw , Ww ZrG s-modules such that

@w : 0 Ñ Hˆw Ñ Vw Ñ ∆Gw Ñ 0

@w finite : 0 Ñ Oˆw Ñ Vw ÑWw Ñ 0

v R S 1 Y Σ1 v P S 1 ´ Σ v P Σ v P Σ1

J Oˆw Oˆw Hˆw Uw

V Oˆw Vw Vw Uw

W Ww ∆Gw

Σ S 1 Σ1

places

Formally: J :“
„
ź

vRΣYΣ1

Oˆw
„
ź

vPΣ

Hˆw

„
ź

vPΣ1

Uw where
„
ź

v

Mw :“
ź

v

IndG
Gw

Mw



Construction of ∇Σ1

Σ , step 2
Global CFT: H2pG ,CHq is cyclic where CH :“ AˆH {H idèle class group

H2pG ,CHq Ext2
ZrGspZ,CHq Ext1

p∆G ,CHq

generator rCH ãÑ O � ∆G s

„ „

0 J V W 0

0 CH O ∆G 0

ϑJ ϑ ϑW

0 J 1 V W 1 0

0 CH O ∆G 0

ϑJ1 ϑ ϑW 1

v R S 1 Y Σ1 v P S 1 v P Σ1

J 1 Oˆw Hˆw Uw

V Oˆw Vw Uw

W 1 ∆Gw

Verify surjectivity of ϑ:

Coker ϑJ1 “ ClΣ
1

S 1 “ 1

G :“ tg P G : g ´ 1 P ImϑW 1u,
G “

Ť

vPS 1 Gv Ď G Ď G ñ ϑW 1

surjective

Snake lemma: 0 Ñ OˆH,Σ,Σ1 Ñ V ϑ ÑW ϑ Ñ ClΣ
1

Σ pHq Ñ 0



Construction of ∇Σ1

Σ , step 3

0 Ww ZrGw s
2 Wˆ

w 0

0 ∆Gw ZrGw s Z 0

pαw ,βw q

αw

aug

W “

„
ź

vPΣ

∆Gw

„
ź

vPS 1´Σ

Ww

B :“
ź

vPΣ

ZrG s
ź

vPS 1´Σ

ZrG s

γ βw

0 W B YH,Σ 0

0 ∆G ZrG s Z 0

γ

ϑW ϑB ϑY

aug

ϑW : as before, surjective
ϑB : id on Σ, pσv ´ 1q on S 1 ´ Σ
ϑY : augmentation on Σ

Snake lemma: 0 ÑW ϑ Ñ Bϑ Ñ XH,Σ Ñ 0



Construction of ∇Σ1

Σ : definition and (P1)

0 Ñ OˆH,Σ,Σ1 Ñ V ϑ ÑW ϑ Ñ ClΣ
1

Σ pHq Ñ 0

0 ÑW ϑ Ñ Bϑ Ñ XH,Σ Ñ 0

Definition (Ritter–Weiss module)

∇Σ1

Σ :“ Coker
`

V ϑ ÑW ϑ Ñ Bϑ
˘

We immediately get:

0 Ñ OˆH,Σ,Σ1 Ñ V ϑ Ñ Bϑ Ñ ∇Σ1

Σ Ñ 0

0 Ñ ClΣ
1

Σ pHq Ñ ∇Σ1

Σ Ñ XH,Σ Ñ 0 (P1)



Projectivity of V ϑ and property (P4)

Lemma A.4 (Projectivity)

V ϑ
R :“ V ϑ bZrGs R is projective.

0 Ñ V ϑ Ñ V Ñ OÑ 0

O is cohomologically trivial. Hence V c.t. ô V ϑ c.t.

V :“
„
ź

vRS 1YΣ1

Oˆw
„
ź

vPS 1

Vw

„
ź

vPΣ1

Uw will show: every factor is c.t.

IndG
Gw

Oˆw : higher unit filtration, HqpG ,U i
w{U

i`1
w q “ 0 using w unramified

IndG
Gw

Vw : c.t. shown in Ritter–Weiss, nothing changes

IndG
Gw

Uw : Want to show Uw is Gv -c.t. As for IndG
Gw

Oˆw : U Iw
w is Gw{Iw -c.t.

Inf-Res argument: suffices to show that Uw is Iw -c.t.
DU 1w Ď Uw c.t. open subgroup.
pUw : U 1w q is a power of the residue characteristic ‰ p by Lemma 4.1
ñ pUw : U 1w q P R

ˆ ñ pUw qR » pU
1
w qR

V ϑ is Z-torsion free: OˆH,Σ,Σ1 , Bϑ are and 0 Ñ OˆH,Σ,Σ1 Ñ V ϑ Ñ Bϑ Ñ ∇Σ1

Σ Ñ 0

Nakayama: fin. generated Z-torsion free G -module is c.t. iff ZrG s-projective



Lemma A.4 (Quadratic presentation)

V ϑ
R Ñ BϑR � ∇Σ1

Σ pHqR is a quadratic presentation.

Recall: 0 Ñ Bϑ Ñ B :“
ź

vPS 1

ZrG s ϑB
ÝÝÑ ZrG s Ñ 0

Suffices to show: @ψ : ZrG s Ñ Qˆ:

dimQ V ϑ
χ :“ dimQ V ϑ bZrGs Qpχq “ dimQ Bϑχ

Qpχq is flat over ZrG s

0 Ñ ClΣ
1

Σ pHq Ñ ∇Σ1

Σ Ñ XH,Σ Ñ 0

ñ dimQ

´

∇Σ1

Σ

¯

χ
“ dimQ pXH,Σqχ

Dirichlet
“

unit thm
dimQ

´

OˆH,Σ,Σ1
¯

χ

0 Ñ OˆH,Σ,Σ1 Ñ V ϑ Ñ Bϑ Ñ ∇Σ1

Σ Ñ 0

ñ dimQ V ϑ
χ “ dimQ Bϑχ



Property (P3)

Lemma A.8 (P3)

∇Σ1

Σ pHq
tr
R » SelΣ

1

Σ pHqR

F :“ HomZp´,Zq – HomZrGsp´,ZrG sq “: p´q˚ : ZrG s-Mod Ñ ZrG s-Mod

ϕ ÞÑ
´

m ÞÑ
ř

gPG ϕpgmqrg
´1s

¯

0 ÑW ϑ Ñ Bϑ Ñ XH,Σ Ñ 0 FpBϑq� FpW ϑq

0 Ñ OˆH,Σ,Σ1 Ñ V ϑ ÑW ϑ Ñ ClΣ
1

Σ pHq Ñ 0 FpW ϑq ãÑ FpV ϑq

F

F

FpBϑq FpV ϑq

´

∇Σ1

Σ

¯tr

FpW ϑq

Z ãÑWw
αw

ÝÝ� ∆Gw YH,S 1´Σ ãÑW ϑ � pW 1qϑ

FppW 1qϑq ãÑ FpW ϑq� FpYH,S 1´Σq

„
ś

vPS1´Σ

F



J 1 V W 1

CH O ∆G

ϑJ1 ϑ ϑW 1

OˆH,S 1,Σ V ϑ pW 1qϑ

F
`

pW 1qϑ
˘

F
`

V ϑ
˘

F
´

OˆH,S 1,Σ
¯

F

0 0 0 Ker

0 F
`

pW 1qϑ
˘

F
`

V ϑ
˘

F
´

OˆH,S 1,Σ1
¯

0

0 F
`

W ϑ
˘

F
`

V ϑ
˘

´

∇Σ1

Σ

¯tr

0

F pYH,S 1´Σq 0 0 0

„

„

Recall: 0 Ñ
ź

vPS 1H´ΣH

ZÑ HomZ

´

OˆH,S 1,Σ1 ,Z
¯

Ñ SelΣ
1

Σ pHq Ñ 0



Property (P2): extension class via CFT
recL{H : M :“ ClΣ

1

Σ pHq
´ „
ÝÑ GalpL{Hq Artin reciprocity

Lemma 6.6: for any ZrG s´-module N, resGF

GH
: H1pGF ,Nq

„
ÝÑ H1pGH ,Nq

G

$ : GH Ñ GalpL{Hq
rec´1

L{H
ÝÝÝÑ M $ P HomctspGH ,Mq “ H1pGH ,Mq

Lemma 6.6 ñ D!λ P H1pGF ,Mq : resGF

GH
pλq “ $

H1pGv ,Mq
GF,v H1pGF ,Mq H1pGF ,v ,Mq

Gv

D!λv λ 0

inf
res

GF
GF,v

λ|GH,v
“ λ|GF,vXGH

“ $|GH,w
“ 0

Ext1
ZrGs´

´

X´H,Σ,M
¯

»
à

vPΣ

Ext1
ZrGs´

ˆ

´

IndG
Gv

Z
¯´

,M

˙

»
à

vPΣ

Ext1
Zr 1

2 srGv s

`

Z
“

1
2

‰

,M
˘

»
à

vPΣ

H1pGv ,Mq Q pλv qvPΣ



We make the isomorphism Ext1
ZrGs´

´

X´H,Σ,M
¯

»
À

vPΣ H1pGv ,Mq explicit:

0 M “ ClΣ
1

Σ pHq
´ ∇Σ1,´

Σ X´H,Σ 0

x 1
2 pw ´ wq

γv : G Ñ M

g ÞÑ gx ´ x

rγv s P H
1pGv ,Mq independent of the choice of x

Lemma 6.7/A.9 (P2)

pλv qvPΣ “ pγv qvPΣ

Suffices to show: Dx : λv “ γv

We may assume Dv 1 P S 1 : σv 1 “ c “ complex conjugation

Then by definition, ϑB at v 1 is multiplication by pc ´ 1q.

x̃ P Bϑ,´ Ď
ś

S 1 ZrG s´: 1´c
2 at v , 1

2 at v 1, 0 elsewhere

@g P Gv : γv pgq “ pg ´ 1qx̃ “ p1´cqpg´1q
2 at v , g´1

2 at v 1, 0 elsewhere

Compute its image under the snake map W ϑ Ñ M, described explicitly by
Ritter–Weiss.



Thank you for your attention!
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